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Abstract 

We study the condition that the theory is unitary and stable in three-dimensional gravity 
with most general quadratic curvature, Lorentz-Chern-Simons and cosmological terms. We 
provide the complete classification of the unitary theories around flat Minkowski and (anti-)de 
Sitter spacetimes. The analysis is performed by examining the quadratic fluctuations around 
these classical vacua. We also discuss how to understand critical condition for four-dimensional 
theories at the Lagrangian level. 
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1 Introduction 



The quest for a quantum theory of gravity is one of the long standing problems in theoret- 
ical physics. The usual Einstein gravity suffers from the problem that the theory is non- 
renormalizable in four and higher dimensions. The addition of higher derivative terms such 
as Ricci and scalar curvature squared terms makes the theory renormalizable at the cost of the 
loss of unitarity [1]. Of course, unitarity is quite important in any physical theory. Otherwise 
the theory does not make sense. 

Recently a very interesting proposal has been made that the addition of such higher order 
terms to three-dimensional gravity makes the theory unitary and possibly renormalizable if 
the coefficients are chosen appropriately [2]. The usual Einstein gravity does not have any 
propagating mode, but the addition of these terms introduces propagating massive graviton 
around flat Minkowski and curved maximally symmetric spacetimes [anti-de Sitter (AdS) and 
de Sitter (dS) spacetimes]. The theory of massive graviton with Lorentz-Chern-Simons (LCS) 
term has long been known as topologically massive theory [3], but the theory violates parity. 
In contrast, the new theory is a parity preserving theory, and called new massive gravity. This 
is very interesting in that we have really dynamical theory of gravity that is unitary even 
though higher derivative terms are included. Since then, various aspects of the theory have 
been investigated. Linearized excitations in the field equations were studied in [4]. Unitarity 
and renormalizability is studied in [5], though the issue of renormalizability is not on the firm 
foundation [6, 7]. Unitarity is proven for Minkowski spacetime in [6, 8], whereas it is discussed 
in [9] for maximally symmetric spacetimes. Supergravity extension is discussed in [10, 11]. The 
critical case is studied in [12]. The partial result of unitarity condition on the flat Minkowski 
spacetime was known for the usual sign of the Einstein theory [13]. Related discussion based on 
the AdS/CFT correspondence is given in [14]. 

Though this kind of theories have their own significance, it is also known that such higher 
order terms are present in the low-energy effective theories of superstrings. There is some 
ambiguity in such theories due to the field redefinition. If the above approach of requiring 
unitarity determines the coefficients to certain extent, it may cast some light to the superstrings 
themselves. 

The theory in question contains Einstein, Ricci tensor squared, scalar curvature squared 
terms as well as LCS term. The analysis is made for what range of these parameters the theory is 
unitary on flat Minkowski spacetime in [10, 6, 8], and on maximally symmetric spacetimes in [9]. 
(For dS case, see also [8].) To understand the problem of unitarity, the analysis of field equations 
is not enough. We should look at the quadratic fluctuations of the theory around possible vacua 
in the Lagrangian and check if the physical particles have correct sign for kinetic terms. This off- 
shell analysis has been made in [6] for the theory around Minkowski vacuum, in [8, 10] for that 
with LCS term around Minkowski, and in [9] for that around maximally symmetric spacetimes 
but without LCS term and with a particular relation between some coefficients obtained for 
Minkowski spacetime from the outset. However whether the theory makes sense or not should be 
studied for each vacuum; if it is unitary around a vacuum but not on the other, we should simply 
consider the theory near the sensible vacuum. Thus the complete classification of the unitary 
and stable theory (for which range of parameters the theory is unitary and stable) including LCS 
term with arbitrary coefficients for the theory on the maximally symmetric spacetimes is lacking. 
One of the purposes of the present paper is to fill this gap and provide a complete classification 
of possible unitary and stable theory for three-dimensional gravity, with all terms and arbitrary 
coefficients, by looking at the quadratic fluctuation of the theory around these vacua in the 
Lagrangian. In this way, we also resolve a problem left unresolved in Ref. [12] if the unitarity of 
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the AdS irreps is enough to ensure the unitarity of the field theory; the answer is negative, and 
we are able to identify which range of the parameters allows unitary and stable theory. This 
can be done only in the off-shell analysis. We also find that there is certain parameter region 
that has not been explored before. 

When the theory is considered around maximally symmetric spacetimes (including Minkowski 
spacetime) , it turns out that the theory is unitary and stable for the "wrong" sign of the Einstein 
term if the Ricci tensor squared is present. This means that the Einstein gravity may not be 
obtained in the low-energy approximation to the theory in that case. The question then arises if 
this could be remedied, and also what happens in the four-dimensional case. In this connection, 
three-dimensional critical theory was proposed with the usual sign for the Einstein term, LCS 
and cosmological constant terms [15], and it was argued that the unitarity might be recovered 
in the critical case with a particular relation between cosmological constant and the mass term. 
Motivated by this, an interesting proposal of critical gravity in four and higher dimensions has 
been made [17, 18]. It has been suggested that in this critical theory the theory may be uni- 
tary by imposing suitable boundary conditions to eliminate some modes. However there arise 
additional logarithmic modes [19, 20] and it has been pointed out that there may be a trouble 
with the unitarity [21]. Also even if ghost modes can be eliminated by boundary conditions, it 
still remains a question whether the theory makes sense or not at the quantum level. This issue 
has to be examined further. Most of the study so far are based on the field equations, but once 
again we emphasize that the off-shell approach is the most suitable way to study this problem. 
In view of this situation, we attempt to understand this problem by extending our analysis in 
three dimensions to four dimensions. We are informed that a related discussion is given in the 
appendix of Ref. [22]. 

We should mention that some extensions of critical gravity to include further higher order 
terms [23] and supergravity [24] have been considered. See also [25]. 

This paper is organized as follows. In sect. 2, we present the general theory we study in 
this paper with Einstein, scalar curvature squared, Ricci squared, cosmological and topological 
mass terms with arbitrary coefficients. We then proceed to the study of the condition for the 
unitarity and stability around flat Minkowski spacetime in sect. 3 and that around maximally 
symmetric spacetimes in sect. 4 by examining the quadratic fluctuations in the Lagrangian. We 
find the complete conditions for each case, and also examine the critical conditions. In sect. 4, 
we present some formulae for studying the quadratic fluctuations in general dimensions, and use 
them to discuss critical conditions in four dimensions. In this way we get some new view on 
the criticality in gravitational theory. Sect. 5 is devoted to our conclusions and discussions. An 
appendix collects some useful formulae necessary in the text. 



2 The Most General Theory 

We consider the action 



S 



d 3 x< 



-9 



aR - 2A + aR 2 + (3R 



\1V 



+ £lcs \ , 



(2.1) 



where k 2 is the three-dimensional gravitational constant, a, (3, fx and a{= 0, ±1) are constants, 
Aq is a cosmological constant, and the last term is the LCS term 



(2.2) 
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where T is the usual Levi-Civita connection for the spacetime metric g. Our conventions are 
summarized in the appendix. 

The variation of each term gives the field equations: 

aG^ + A ogflu + aE$ + pE$ + -C^ = 0, (2.3) 



where 



G^ u — Rfiu ^Rg^iv, 

E$ = 2RR^-2V^ v R + 9ilv (2UR-^R 2 ^ 

E$ = 2R^ X R X V - 2V A V (M i?, )A + UR^ + ^(aR- R 2 Xp )g^, 

= e^Va^Rpu-^gpuR). (2.4) 

G pu and are known as Einstein and Cotton tensors, respectively. 

There are two possible vacua in the theory: Minkowski and maximally symmetric spacetimes 
of (anti)-de Sitter ((A)dS). Here we wish to study the range of the coefficients for which the 
theory is unitary (no ghost) and stable. There have been several studies, but as far as we are 
aware, there is no study of the system with the most general parameters. 

We consider the action up to second order around the background spacetime 

9/j.u = (jfiu + «V" ( 2 - 5 ) 

where the background g^ v is chosen to be a maximally symmetric spacetime with Ricmann 
curvature 

R a ^ = H9^-9u9^), (2-6) 
with Minkowski spacetime corresponding to A = 0. We define 

h = r v K^ h^ = V v h v ^. (2.7) 

Here and in what follows, bar indicates that the quantity stands for the background, the indices 
are raised and lowered by the background metric g, the covariant derivative V is constructed 
with the background metric, and the contraction is also understood by that. This is a solution 
of the system (2.1) provided that 

A = ctA - 2(3q + /3)A 2 . (2.8) 
We see that the cosmological constant Aq should be zero in order to have a Minkowski spacetime. 



3 Theory around Minkowski spacetime 

In this section, we consider the theory in the flat Minkowski spacetime which is realized for 
Ao = 0. We study in what ranges of the parameters the theory (2.1) becomes unitary and stable 
setting g^ = 77^. 

For this purpose, we decompose h pv into their orthogonal parts [6]: 

hij = 2d( i h j ) + e i k € j l (f) k i, h 0i = m + \pj , h 00 = n. (3.1) 
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Subscripts on the indexless variables (<f>,ri,ip) denote normalized spatial derivatives dij 

where d\ = <9 2 + <9| is the two-dimensional Laplacian. Gauge invariance of the action (2.1) allows 
us to set the three gauge parts hi and rj of the metric to zero by imposing the usual gauge choice 



h 



hoi 



0. There remain only the three gauge-invariant components ((p,ip,n) in (3.1). 



The Einstein tensor has the components 



G oo = G 0i = ^(di<p - €i J dl^j), 

Gij = -\[<t>ij ~ efe/d^riM + €i k y/-d^ip jk + e/ V -^ik], 



(3.2) 



where subscripts on n also represent normalized spatial derivatives. Substituting these into the 
action (2.1) and keeping terms up to second order, we find 



S = |d 3 x[^D^ + ^ 2 +(a + ^)pin) 2 + (D0) 2 ] + 2(a + ^)(^)(a ( A) 



(3.3) 



where we have defined ip = diipi = — y —d^tp and □ = V 2 . Because — <9| is a positive operator, 
this causes no problem. There are intrinsically distinct two cases to be discussed separately, 
depending on whether a + ^ is zero or not. 



3.1 a + | 7^ case 

If a + | is not zero, the Lagrangian from the second order action (3.3) can be transformed into 



( ^ 



d k n + 



a + 







(a + U)0 



a + 



P 



m 2 + 



(3.4) 



The first term simply indicates that the non-dynamical field n is determined in terms of other 
fields. The second term tells us that the theory has a dipole ghost unless (a + §/3)/3 = 0, which 
gives the first constraint. So we have to further divide the cases. 



3.1.1 subcase a + |/3 = 

In this case, we have (3 / from a + | / 0. Dropping the first term in (3.4), our action (3.3) 
then gives 



T//3 cr 1 



a ~ 



^2 2/3/ 



(3.5) 



Here we see that inclusion of the LCS term only modifies the mass spectrum, but does not affect 
whether the theory contains ghost or not. In order for the ip and (f> fields not to be ghost, we 
have to have 

/3 > 0, a < 0. (3.6) 

The case a = is found by Deser [6], but the LCS term was not considered there. In this 
case, we have only one dynamical mode with mass squared 

1 



m 



(3.7) 
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For a = — 1, we have two modes with the spectrum 

ra| =-i + W^ [1±v/TTWl> (3 - 8) 

which are always positive for (3.6). So the theory is also free from tachyons. The action becomes 
S =^J <£x^f^[oR + p(Rl v -^R 2 )] +£lcs}, (3.9) 

with the condition (3.6). This is the new massive gravity [2] with LCS term. In the limit j3 — > 0, 
one of the spectrum diverges and decouples and we are left with a single mode with mass 

m 2 = i?. (3.10) 

This is the well-known topological gravity [3]. 

3.1.2 subcase (3 = 

Together with a + | / 0, we have a^O. Dropping the non-dynamical first term in (3.4), our 
action (3.3) then gives 

\ 16a^ 2fj, 2 16a / \ ^ / 

Diagonalizing this kinetic term, we see that the system always has modes of opposite norm 
unless we send /x to infinity. This can be most easily checked by taking the determinant of the 
kinetic term matrix. In the limit /U — > oo, however, the mixing of i/j and <ft is turned off, and we 
are left with 

Thus we must have 

a = +l, (3.13) 

in order to be free from ghost (a = gives trivial theory), and 

a > 0, (3.14) 

in order to be free from tachyon. This is a special case of f(R) gravity known free from ghosts. 
Since higher order terms in R do not affect the quadratic fluctuation in flat Minkowski spacetime, 
this conclusion is valid if we include higher orders in R. However the result may change if we 
consider the theory in nontrivial backgrounds. 
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3.2 a + f = case 

Our action (3.4) reduces to 

!(/?□ + a) d 2 n (3.15) 

/ W / 

It is clear that in the limit of /i — > oo, we have 1 mode of norm determined by the sign of j3 and 
two modes of opposite norm from the two linear combinations of d\n and Hence the theory 
always has at least one ghost. When fj, term sets in, this conclusion does not change because 
these terms do not affect the sign of the highest power of □. We thus conclude that there is no 
unitary theory in this case. 

To summarize the result of this section, we have unitary theory around the Minkowski 
vacuum for the cases listed in Table 1. This result agrees with those derived in Refs. [10, 8] in 
a slightly different gauge. 



£2 = (V>, d k n, 4>) 



1 2^2 

Y 

-T- Q 



J_ 

An 





Table 1: Unitary theories around Minkowski vacuum 



a,0 


a 




number of modes 


a = -f/3,/3 > 


0= -1 


arbitrary 


2 (1 for fx — > 00) 


a = -f/3,/3 > 


£7 = 


arbitrary 


1 


a > 0,/3 = 


a = +l 


fj, = 00 


1 



4 Theory around maximally symmetric spacetimes 

We now turn to the study of the general theory around maximally symmetric spacetimes. 

Expanding the action (2.1) around the maximally symmetric spacetimes, and eliminating Ao 
in terms of A via (2.8), we find that the linear term vanishes due to (2.8), and the second order 
terms give 



a 



R m + R(^ + 1 -A(h 2 -2hl u ) 



+ a 



#(1)2 + i2Ai?( 2 ) + 6Ai? (1) /i + 6A 2 (/i 2 - 2h 



+ p \r$ 2 + 4A^i2g - SAh^R^ + 2Ag^R$h + 8A 2 h 2 - 2A 2 h 2 ] + C LCS ,2, (4.1) 



where R^ and R^ are defined in the appendix and Clcs is the contribution from the LCS 
term (2.2). These can be expressed in terms of 



g^ih) = R$-lRmg lu ,-2Ah 



"fa/ 
1 



[V^V„h - V^K - V„fc„ + □ V + (Va/i - oh)^] + A V- (4-2) 



Though this looks slightly different from the corresponding one in Ref. [9], it is actually the 
same due to a slight difference in the definition of R^\ It is not difficult to check that is 
invariant under the linearized diffeomorphism: 



(4.3) 
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Summing up all terms, the final result is 



a 



2A( 3 « + 13) + - h^G^uih) + P[G^( h )} + (4a + P)[G£(W + C LCS ,2, (4.4) 



where 



Clcs,2 = - 2A/iJ) - V A /g, 

which, thanks to the symmetry of h^, can be rewritten as 



(4.5) 



We can rewrite the action by introducing an auxiliary field We find 



C, = - 



2A(3a + P) + J /i""^^) - PkTg^ih) - ^(kl u - xk 2 ) - ^-e^h^VxG^h), (4.7) 



0, 



1 



(4-6) 



/Lit' 



2)U 



where fe = k^ and 



x = 



4a + 
4(3a + /3)" 



(4.8) 



Indeed, eliminating by its field equation, we recover the result (4.4). For a = — %^z,(3 
and jj, = oo, this agrees with the result in [9] without the LCS term. 
We take the parametrization [16]: 



l 



(4-9) 



with 

v A ^ = o, sTh^, = o, v A & = o. 

First, substituting (4.9) into (4.2), we get 



(4.10) 



1\1V 



(□ - 2A)h T - -V^V u a v + -□(□ + 2A) V g^ + -V M V ' v h - -(□ + 2A)hg iXV .(4.11) 



We then find that (4.4) gives 

C 2 = \hl u (U -2A) \{p(D -2A)+4(3a + f3)A + a}g^g ua + -e^g ua V x 
+T^v[(8a + 3P)D + 4(3a + p)A - apf) 

lo 



"pa 



--h[(8a + 3/3)D + 4(3a + p)A - a]y/a(n + 3A) r) 
+^-h[(8a + SP)D + 4(3q + p) - a]{U + 3A)h, 

lo 

where the field redefinition 

f, = V / D (n + 3A) a, ^ = VaT2A 



(4-12) 



(4-13) 



has been made in order to compensate the Jacobian introduced in changing field variables from 
h^u to (4.9) [16]. (£ M drops out from the gauge-invariant action here, but we shall have this in 
the following discussions of gauge- fixed theory.) 

To this action, we add the gauge fixing and the corresponding Faddeev-Popov (FP) ghost 
terms: 



/ 



S 9f 
Sgh 

where a and b are constants, and 



(4.14) 



(4.15) 



l r 

2a 



We find 

C gh = -V^U + 2A)F M + s 
where we have defined [16] 



e(D + 2A)£ M - ir)(n + 3A)r) + 
3-6 



h^n(a + 3A)fj - [:]h . . ' ;2 //: 
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□ + 4A 5, 



(4.16) 



c„ = % + v^s, "s = Vns, v M y^ = o. 

The total quadratic Lagrangian is 

C 2 = ^(□-2A)[{ j 8(D-2A)+4(3a + /3)A + < 7}^r <T + ^r <r V A ' 



(4.17) 



"per 



(8a + 3/3)D 2 + |4(3a + /3)A - a + -}□ + —A fj 

-J V D ( D + 3A) f) 



(8a + 3/3)D + 4(3a + /3)A - a + 



2a 



(8a + 3/3) D 2 + | (36a + 13/3) A - a + ^ ^ }□ + 3{4(3a + /3) - a} A 



1 Q 

— !"(□ + 2A)4 - ^(D + 2A)V^ + <K" 



9 d + 4A)s. 



(4.18) 



Let us first consider the tensor part. Clearly there are two kinds of modes in our La- 
grangian (4.18); massless and massive. In order to study the no-ghost condition, we should look 
at the propagator and check if the residue at each pole is positive or not. To do this, let us 
consider the field equation 



{/3(D - 2A) + 4(3a + /3)A + a}g^g ua + -e» xp f a V x 

l £ A 



h 



T 
per 



0. 



(4.19) 



Multiplying this with {/3(D - 2A) + 4(3a + /3)A + a}g aix gp v - Je Q A /1 o /3i ,V A , we get 



/3 (□ - 2A - Ml)(a -2A- Mi)h L afi = 0, 



(4.20) 
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where 



2 _ 4(3a + /3)A + a 1 



+ 



20V 



1 ± y 7 ! - 4/3^ 2 {(12a + 5/3)A + a} 



(4.21) 



The operator (□ — 2 A) corresponds to the Lichnerowicz operator for the second-rank tensors in 
curved spacetime and so its eigenvalues give the masses. The condition that the propagator has 
real massive poles in addition to the massless pole is that 



1 - 4/V{(12a + 5/3)A + a} > 0, 



(4.22) 



which we assume from now on. We shall see that unitarity and stability of the theory require 
that /3{(12a + 5(3) A + a} < 0, for which this is satisfied, and then there is a smooth \x — > oo 
limit. 

Thus the propagator for which is given by the inverse of the quadratic term is found to 



be 



[/?(□- 2A)+4(3a + /3)A + <r]5^ 



J_,aA 



(4.23) 



(3 2 {U - 2A)(D - 2A - M 2 )(D - 2A - M 2 ) 
(suitable symmetrization in the indices is understood) which can be decomposed into three terms 



A 



a/3 



A 



+ 



a/3 



+ 



A f . 



where 



A 



a/3 



(3 2 {n-2A) /3 2 (n-2A-M 2 ) /? 2 (n-2A-M 2 ) 



±1 + y/l-4W{(12a + 5P)A + (T}\ (3g^f v) T 2/3 2 / ue° A ( ^f ) V A 



(4.24) 



±,{ta>) 

A 1 = -{A + + A. 



2M\^J\ - 4/3 / u 2 {(12a + 5/3)A + a} 



(4.25) 



The first term is the same as the contribution from the Einstein-Hilbert action linearized about 
the vacuum, and therefore it does not propagate physical degrees of freedom in three dimensions. 
So we have to look at the massive poles. From the calculation similar to that in deriving 
Eq. (4.20), we can show that the eigenvalue of the e term in A± is — 3A. We can thus 

evaluate the residues of the poles at M± as follows: 



A± 



P (±1 + V 1 - 4/V{(12a + 5/3)A + a}) 



M±yJ\ - 4/3^ 2 {(12q + 5/3)A + a} 
The no-ghost condition from the residue at M 2 gives 

(3Ml > 0. 



(4.26) 



(4.27) 



Since {-1+y/l - 4/3^ 2 {(12a + 5/3)A + a] ) is positive or negative depending on whether /3{(12a+ 
5/3)A + cr} is negative or not, the condition from the pole residue at M 2 gives ±/3M 2 > accord- 
ing to =f/3{(12q + 5/3) A + a} > 0. On the other hand, the stability condition requires M± > 0, 
so (4.27) tells us 



>0, 



(4.28) 
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and then the lower sign is not allowed. Thus we also have to have 



$M 2 _ > 0, (12a + 5/3)A + a < 0. 



(4.29) 



As /3 > 0, the stability condition implies the unitarity of the theory under the second condition 
in (4.29). If the latter is not satisfied, the mode with mass M_ becomes ghost. 

We now turn to the scalar part. The easiest way to see the spectrum for these fields is to take 
the determinant of the kinetic term matrix and obtain the eigenvalues of the D'Alembertian. 
We find that it is given by 

9 



-[(3 - b)a + 8Af[(8a + 30)D + 4(3a + /3)A - a] 



(4.30) 



(72) V 

Consequently there are two modes of mass squared which are gauge dependent, and these 

cancel against the FP ghosts S and S. The remaining one is gauge invariant. 

We still have to check how the propagator of each mode becomes. For this purpose, we set 
6 = 1/3 for simplicity. The relevant part of the action then gives 



Cs = 18 



h — fj 



□ 



□ + 3A 



[(8a + 3/3)D + 4(3a + /3)A - a](a + 3A) 



h 



□ 



□ + 3A 



+^??(° + 3A)r). 



(4.31) 



The propagator for h 



g f, 

□+3A ' 



is given by 



[(8a + 3/3)D + 4(3a + (3)A - a](a + 3A) 
-1 



8a + 3/3 



(12a + 5/3) A + o" L □ + 3A (8a + 3/3) □ + 4(3a + /3)A - a 



(4.32) 



The first part and f\ represent the modes cancelling against S and S, and the second part is the 
mode we are left with. The unitarity condition is thus 



The stability condition is 



(12a + 50)A + a > 0. 
a - 4(3a + /3)A 



(4.33) 



8a + 3/3 
o--4(3a + /3)A 
8a + 3/3 



> 

> A 



for AdS, 
for dS. 



(4.34) 



We now notice that the unitarity condition for tensor mode (4.29) and that for scalar 
mode (4.33) are incompatible. This means that we can have either tensor mode or scalar mode. 
Thus we must have either 



or 



8a + 3/3 = 0, 



(3 = and fi — > oo. 



(4.35) 



(4.36) 



The first case corresponds to the decoupling of scalar mode whereas the second case to the 
decoupling of the tensor mode. Let us discuss these cases in turn. 
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4.1 8a + 3/3 = case 

This condition was taken as a starting point in [9], but this is only one of the cases where the 
theory can be unitary. In this case, as we have seen above, fj and h cancel against the FP ghosts 
S and S and we should concentrate on the tensor part of the action. 

Let us now examine the stability condition of the theory for AdS and dS separately. 

4.1.1 AdS case 

We first note that our conditions (4.27), (4.28) and (4.29) confirms a conjecture in Ref. [12]; 
noting that the second condition in (4.29) is /5(/3A + 2cr) < and (3 > in this case, the absence 
of tachyon implies the absence of ghost under the condition Q = — ^^pjt* < for A < in the 
presence of the LCS term. As conjectured there, the ghost appears for £1 > though the AdS 
irreps may be unitary. Thus the unitarity of the irreps is not enough to ensure the unitarity of 
the field theory, and we need the off-shell analysis like here, not just field equations, to see this. 
In the limit fi — > oo, j3M± = (3A/2 — a, and (4.27) and (4.29) both give the same condition in 
agreement with Ref. [9]. 

Let us next consider the stability condition. Since M\ > M 2 , only 

M 2 > 0, (4.37) 

has to be satisfied. This leads to 



1 + /V(/3A - 2<t) > v 7 ! - 2/V03A + 2a). (4.38) 
Under the condition that the left hand side is positive, 



we can take the squares of both sides to obtain 

4/3VA + (/3A - 2a) 2 > (4.40) 

This gives the condition either 

A>A+, or A<A_, (4.41) 

where we have defined 



both of which are negative. We also have to require (4.39). It turns out that A > A_. This 
excludes the second possibility in (4.41). 

Now consider the case a = +1. We must have A > max(A + ,A). The second condition 
in (4.29) tells us 

A < -|. (4.43) 

However it is easy to show that this is imcompatible with A > A + . Thus a = +1 is excluded. 
Similarly a = is not allowed. 
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We are left only with the possibility a = — 1. In this case, we find that A + > A. So finally 
we arrive at the condition 

p > 0, a = -1, > A > A+, (4.44) 

together with arbitrary \i. In the limit of \i — > oo, this agrees with the condition in Ref. [9]. Our 
results generalize the condition to more general case. 

There is one possible subtlety here when one of the masses vanishes and becomes degenerate 
with the graviton. This happens at the boundary of the stability condition: 

A = A±. (4.45) 

This case corresponds to what is known as critical limit. In the limit j3 — > 0, we have 

A+^-(^) 2 , (4.46) 

which is precisely the case discussed in [15] for a = +1. There appear some additional logarithmic 
modes which are complicated [19, 20], and it is argued that the theory is unitary [15]. 

4.1.2 dS case 

For dS, we should have 

M 2 > A. (4.47) 

It follows that 

M -~ A= 4^2 i 1 - \/l - 2/V(/3A + 2a)) 2 , (4.48) 

is positive definite, so the stability condition is automatically satisfied. However we have to 
impose the condition (4.22) and (4.29). Both are satisfied for 

A < -j, (4.49) 

but then this tells us that a must be negative to allow for positive A. To summarize the 
conditions, we have 

/3>0, <r = -l, 0<A<|. (4.50) 
This result is in agreement with [9, 11]. 
4.2 = case 

Let us now turn to the second possibility in (4.36), which was not considered in Ref. [9]. Since 
the tensor mode does not decouple if \i is finite, LCS term should be absent here and the analysis 
is considerbaly simplified. We now consider the cases of AdS and dS in turn. 
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4.2.1 AdS case (A < 0) 

Here we have to require only (4.33) and (4.34). First, for a > 0, the conditons give 

" <A<-^-. (4.51) 



12a ~ 12a 
This is possible only for a = +1. Then the conditions are 



For a < 0, we have 



a > 0, — < A < 0, a = +1. (4.52) 

12a 



A<-^, and Afi^. (4.53) 



Here a = ±1, may be all allowed. This is a new possibility compared with the Minkowski case. 
However, if we take the limit A — > 0, these conditions contradict each other and this case ceases 
to exist. 

These results are in agreement with the previous result on Minkowski spacetime. 
4.2.2 dS case (A > 0) 

It follows from Eqs. (4.33) and (4.34) that for a > 

— —<A<— . (4.54) 
12a ~ 20a y ' 

This is possible only for a = +1 to allow for positive A. The other case a < turns out to be 
inconsistent, so this is the only possibility here. 

To summarize the results of this section, we have unitary theory around the maximally 
symmetric spacetimes for the cases listed in Table 2. In the limit of A — > 0, all these results are 
consistent with the results for the Minkowski spacetime in the previous section. 



Table 2: Unitary theories around maximally symmetric spacetimes 



a, (3 


A 


a 




a = -g/3,/3 > 


negative, > A > A + 


a - -1 


arbitrary 


a = -f/3,/3 > 


positive, j| > A > 


a = -1 


arbitrary 


a > 0,(3 = 


negative, > A > —j^ 


a = +l 


H = oo 


a < 0,/3 = 


negative, Eq. (4.53) 


all 


fj, = oo 


a > 0,13 = 


positive, ^ > A > 


a = +l 


[X = oo 



5 Criticality in 4D 

It is straightforward to extend the calculation of the quadratic fluctuation around maximally 
symmetric spacetimes to D dimensions. In four dimensions, the action (2.1) without LCS term 
is the most general as fourth-order action, since the Riemann tensor squared can be transformed 
into other terms using the fact that the Gauss-Bonnet combination is a total derivative. Since 
most of the analysis of criticality is done at the level of field equations, it may be of interest to 
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see how this emerges from the Lagrangian approach. This provides some new view of the critical 
theory as to the ghost problem. Our following discussions are mainly for four dimensions, but 
we present the formulae valid for arbitrary dimensions as much as possible. 

After some calculation keeping dimensions arbitrary, we find the quadratic Lagrangian is 
given by 



C 2 

where 



2(Da + P) a 
D-2 2 



{D - 2f 



(5.1) 



2(D - 3) 



(D -l)(D- 2) A/V 



(D - l)(D - 2)" '"'J 
The condition that the maximally symmetric spacetime is a solution now becomes 

A = aA + 2(Da + p) — ~^ A 2 . 
The parametrization (4.9) in general dimensions is 

T 1 _ 1 _ 

with conditions on the fields similar to three dimensions. We find 



1 

2 

D-2 



A K ~ —V^V + — □(□ + ^ A) 



D-2 



(£>-!)(£> -2) / 



D-'2.„ „ , D-2 f 4 \ 



A straightforward calculation then yields 



£ 2 



(D-l)(D-2) 
(jD _l )(jD _ 2 ) 



A 



□ 



4 



(5.2) 



(5.3) 



(5.4) 



(5.5) 



(£> - 1)(D - 2 



■A) + 



L> - 2 



A(_Da + /3) + a 



"per 



4L> 2 



r?An?}-2/iAJn(n + 



2D 



□ + 



V (D-l)(D-2) 
2D A)h 



(D-l)(D-2) 



(5.6) 



where we have defined 



fi = Ju(u 



+ 



2D 



V (D-l)(D-2) 



A 



) ?7, 



L>-2 



(£> - 2)2 



(5.7) 



Our next task is to introduce the gauge fixing and the corresponding FP ghost terms. This 
procedure shows that we must have 



4(L> - l)a + Dp = 0, 



(5.8) 
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in order to decouple the scalar modes. As it happens, this is valid for arbitrary dimensions [18] 
though we did not include Riemann tensor squared term. 
Now consider the propagator of for D = 4: 



□ 



^A 



pin 



+ 2(4a + /3)A + a 



1 



2(4a + /3)A + a 



□ -|A 



p(u - §A) + 2(4a + p)A + a 



(5.9) 



We see that in general there are two modes in our quadratic action (5.6), and clearly the 
propagators have residues with positive and negative values whatever the sign of the factor 
in front of the two propagators. If one chooses positive sign for the massless mode from the 
Einstein theory, the other gives a mode of negative norm. Since the Einstein mode propagates 
in four dimensions in contrast to three, there is no way to make all physical modes have positive 
norm. This makes a sharp contrast to three dimensions. However, it may appear that there is 
a possibility that they may cancel with each other if the massive mode becomes massless [17], 
eliminating ghost modes. This is the critical gravity discussed recently. The condition is given 
by 

(5.10) 



a 



2A' 



in agreement with the result in [17] for a = +1. However this naive argument for the absence 
of the ghost mode may not be true in four dimensions. Even though it looks that the contribu- 
tion may be cancelled, actually this critical case introduces new degrees of freedom called log 
modes [19, 20]. This could be most easily seen if we go back to our action (5.6), which shows 
that the field equation simply becomes 

2 



(□ - -A) h%, = 0. 



(5.11) 



This equation certainly contains solutions for the usual Einstein gravity, but also additional 
modes which are not solution of the Einstein theory. In fact there is some discussions on the 
ghost modes [21]. The question is then whether some boundary conditions can kill the ghosts 
and make the theory unitary. This subject deserves further study. 

One very interesting feature of the above critical theory is that it can be written as Einstein 
plus Weyl squared and cosmological terms: 



K z 



-go- 



R 



3 

4A 



(5.12) 



up to the Gauss-Bonnet combination which is a total derivative in four dimensions, where Cp U \ p 
is the Weyl tensor defined by 



(5.13) 



where the brackets stand for antisymmetrization. To make the theory close to the Einstein, 
we should take a = +1. It is known that the theory of similar structure appears in higher 
dimensional critical theories if one includes Riemann tensor squared, and imposes the conditions 
that (1) absence of scalar modes, (2) all massless modes, and (3) unique vacuum [18]. The last 
condition is necessary because the equation determining A in terms of the "bare" cosmological 
constant Aq becomes quadratic equation which has two solutions in general. 
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6 Discussions and conclusions 



In this paper we have studied for what range of parameters the gravity theory with higher 
derivative and topological mass terms can be unitary and stable in three dimensions, allowing 
all possible values for the coefficients. By examining the quadratic fluctuations around possible 
vacua in the Lagrangian, we get results summarized in Table 1 for the Minkowski spacetime and 
in Table 2 for maximally symmetric spacetimes. We have found that the unitarity of the AdS 
irreps is not enough to ensure the unitarity of the field theory. Making the off-shell analysis, we 
have been able to identify the conditions. We did this analysis for each of the vacuum separately. 
In Ref . [9] , the unitarity condition around the maximally symmetric spacetimes was studied with 
the particular relation 8a + 3/3 = 0. However it is more significant to study these conditions for 
each case separately without taking account of constraints from other vacua. Also to the best of 
our knowledge, there has not been discussions around maximally symmetric spacetimes including 
the topological mass term in the Lagrangian approach. Considering these possibilities, we have 
identified all possible conditions for flat Minkowski and maximally symmetric spacetimes, and 
found that there is certain allowed parameter region that has not been explored. 

It turns out that only the negative value for the sign of the Einstein term is allowed if the 
Ricci tensor squared term is present. We have seen that without the Ricci tensor squared, 
the tensor modes decouple and the theory do not contain spin 2 modes, which may be of 
little interest as gravity theory. If the condition requires negative sign for the Einstein term in 
the presence of Ricci squared term also for higher dimensions, that would mean that the low- 
energy approximation would be different from the Einstein theory. In analogy with the critical 
three-dimensional gravity, it has been argued that there is a possibility that the theory may be 
unitary with usual sign of the Einstein term with Ricci squared term [17]. We have seen that the 
possibility could be understood as cancellation of the contribution of the mode of negative norm 
with that of positive norm in our approach. However there arise logarithmic modes which may 
be problematic. If this mode could be eliminated by imposing suitable boundary conditions, it 
may give a sensible theory in the tree level, but the question remains if the theory is unitary 
and renormalizable at the quantum level. 

When the critical condition is imposed, the theory becomes Einstein theory with Weyl 
squared and cosmological terms with a special coefficient. This theory allows the solution in the 
Einstein theory, but also involves additional solution. As argued recently in the cosmological 
context [26], certain boundary conditions may single out the solutions in the Einstein theory. 
Thus Einstein theory may emerge from this kind of higher order theory. 

The theory with Weyl squared term may be renormalizable in four dimensions, but it is 
not so in higher dimensions. In D(> 4) dimensions, we may have to include i?[(- D + 1 )/ 2 l terms, 
where R stands for the curvature tensors and the square bracket for the Gauss symbol. It may 
be interesting to study what combinations may be allowed in higher dimensions if the critical 
conditions are imposed, and see if the theory may become renormalizable. It has been found 
that the allowed terms combine into Weyl squared when only the curvature squared terms are 
considered and the theory is required to be critical [18]. Some study has been done in [23, 27], 
but more systematic analysis and determination of the general forms are desirable. Another 
interesting question is what happens when dilaton, which always exists in superstring theories, 
is included. 

We hope to return these problems in the future. 
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A Conventions and useful formulae 

Here we summarize our conventions and formulae necessary in the text. We give these such that 
they are valid for any dimension D. 

Our signature of the metric is (—,+,...) and the curvature tensors are given as 



r>a o -pa a -pa , -pa -pX -pa -pX 

-ft Buv — O^l p v — O v L p^-t 1 mA 1 p v — 1 uX L 0^, 



R, 



UU 



R a 



uav 



(A.l) 



For the background, we take 

2 



Guv — —^9uu, R, 



(D-l)(D-2) 



D-2 

Expansion around the background gives 

-pa _ -pa i ^"(1) i K 2pa(2) 



H9np9uX ~ Qaxgup)- (A.2) 



fj,u 



fj,u 



where 



Note that 



(A.3) 

(A.4) 
(A.5) 

(A.6) 



We find, to the second order, 



t(2) 



BP 



(1) 



1 



(V a V„/$ - VaV^ - VpV v h& + VpVKa) + -frvPaM + ^^K, (A.7) 



pm( 2 ) _ V7 r^ 2 ) \7 rfP)±r' 1 ( 1 'r A ( 1 ) r Mi) r A(i) 

a ua/3 - VaL u p Vp L va -t-l Aa L v p ^ x p 1 va ■ 

Similarly 



A(Dh uv - hg^ u ), 
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= ^— Ah, 

R i2) = Iv^Vhfr) - ^{^(2^ - v 7 /»)} 

+\h a N a Vph - \KVf>{V a hl + - V^) + -JL-^hh^h"?, (A.8) 

where □ = V^V^. When total derivative terms are dropped, makes the contribution to the 
action 

R^ ~ + huh) + ^-A/iJ, + (jD _ 1) 1 (jP _ 2) A/^ 2 + ^J. (A.9) 

We use the notation ~ to denote equality up to total derivatives. We also have 

hTRW ^ -\(hV»W + h^Dhn - hi + _ 2 _ A(D/i^ - h 2 ), (A.10) 
Note that g^ v R$ / because the latter has additional contribution from WR^. 
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